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Gauge symmetries are a cornerstone of modern physics but they come with technical
difficulties when it comes to quantization, to accurately describe particles phenomenol-
ogy or to extract observables in general. These shortcomings must be met by essentially
finding a way to effectively reduce gauge symmetries. We propose a review of a way to
do so which we call the dressing field method. We show how the BRST algebra satisfied
by gauge fields, encoding their gauge transformations, is modified. We outline noticeable
applications of the method, such as the electroweak sector of the Standard Model and
the local twistors of Penrose.
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1. Introduction
To this day, modern Field Theory framework (either classical or quantum), so
successful in describing Nature from elementary particles to cosmology, rests on
few keystones, one of which being the notion of gauge symmetry. Elementary fields
are subject to local transformations which are required to leave invariant the theory
(the Lagrangian). These transformations thus form a so-called local symmetry of
the theory, known as gauge symmetry. This notion, originates with Weyl’s 1918
unified theory resting on the idea of local scale, or gauge, invariance [49; 66; 67]. The
heuristic appeal of gauge symmetries is that imposing them on a theory of free fields
requires, a minima, the introduction of fundamental interactions through minimal
coupling. This is the content of the so-called gauge principle for Field Theory,a
captured by Yang’s well-known aphorism: “symmetry dictates interaction” [72].b
This is one of the major conceptual breakthrough of the century separating
us from Hilbert’s lectures on the foundations of mathematics and physics. And
the story of the interactions between gauge theories and differential geometry is a
highlight of the long history of synergy between mathematics and physics.c
In spite of their great theoretical appeal, gauge theories come with some short-
comings. Prima facie indeed, gauge symmetries forbid mass terms for (at least) the
interaction fields, which was known to be in contradiction with the phenomenology
of the nuclear interactions. Also, the quantization of gauge theories via Feynman’s
path integral has its specific problem because integrating on gauge equivalent fields
configurations makes it ill-defined. Finally, it is in general not so straightforward to
extract observables from a gauge theory since the physical content must be gauge
invariant, e.g the abelian (Maxwell-Faraday) field strength or Wilson loops. An
issue made acutely clear in General Relativity (GR), where observables must be
diffeomorphic invariant. Addressing these shortcomings essentially boils down to
finding a way to reduce effectively gauge symmetries, in part or completely. One
aSee [45] for a critical discussion of its scope and limits.
b Weyl topped this with an even stronger endorsement of the importance of symmetries in physics:
“As far as I see, all a priori statements in physics have their origin in symmetry” [68].
cSee the nice short appendix by S. S. Chern of the book on differential geometry he co-authored
[12].
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can think of only a few ways to do so, among which we mention the three most
prominent.
First, gauge fixing: one selects a representative in the gauge orbit of each gauge
field. This is usually the main approach followed to make contact with physical
predictions: one only needs to make sure that the results are independent of the
choice of gauge. This is also how a sensible quantization procedure is carried on,
for example through the Fadeev-Popov procedure. However, a consistent choice of
gauge might not necessarily be possible in all circumstances, a fact known as the
Gribov ambiguity [29; 59].
Second, one can try to implement a spontaneous symmetry breaking mecha-
nism (SSBM). This is famously known to be the standard interpretation of the
Brout-Englert-Higgs-Guralnik-Hagen-Kibble (BEHGHK) mechanism [10; 30; 31],
which historically solved the masses problem for the weak gauge bosons in the elec-
troweak unification of Glashow-Weinberg-Salam, and by extension of the masses of
particles in the Standard Model of Particles Physics. We stress that this interpreta-
tion presupposes settled the philosophical problem of the ontological status of gauge
symmetries: by affirming that a gauge symmetry can be “spontaneously broken”,
one states that it is a structural feature of reality rather than of our description of
it. While this remains quite controversial in philosophy of physics, given the em-
pirical success of the BEHGHK mechanism, a pragmatic mind could consider the
debate closed via an inference to the best explanation. We will show here that this
conclusion would be hasty.
Finally, one can seek to apply the bundle reduction theorem. This is a result of
the fiber bundle theory, widely known to be the geometric underpinning of gauge
theories, stating the circumstances under which a bundle with a given structure
group can be reduced to a subbundle with a smaller structure group. Some authors
have recast the BEHGHK mechanism in light of this theorem [60; 63; 65].
In this paper we propose a brief review of another way to perform gauge sym-
metry reduction which we call the dressing field method. It is formalized in the
language of the differential geometry of fiber bundles and it has a corresponding
BRST differential algebraic formulation. The method boils down to the identifica-
tion of a suitable field in the geometrical setting of a gauge theory that allows to
construct partially of fully gauge invariant variables out of the standard gauge fields.
This formalizes and unifies several works and approaches encountered in past and
recent literature on gauge theories, whose ancestry can be traced back to Dirac’s
pioneering ideas [15; 16].
The paper is thus organized. In Section 2 we outline the method and state the
most interesting results (pointing to the published literature for proofs), one of
which being the noticeable fact that the method allows to highlight the existence of
gauge fields of non-standard kind; meaning that these implement the gauge principle
but are not of the same geometric nature than the objects usually encountered in
Yang-Mills theory for instance.
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In Sections 3 and 4 we illustrate the scheme by showing how it is applied to the
electroweak sector of the standard model and GR. We argue in particular that our
treatment provides an alternative interpretation of the BEHGHK mechanism that
is more in line with the conclusions of the community of philosophers of physics.
In Section 5 we address the substantial example of the conformal Cartan bun-
dle P(M, H) and connection ̟. Standard formulations of so-called Tractors and
Twistors can then be found by applying the dressing field method to this geometry.
Furthermore, from this viewpoint they appear to be clear instances of gauge fields
of the non-standard kind alluded to above. This fact, as far as we know, has not
been recognized.
In our conclusion, Section 6, we indicate other possible applications of the
method and stress the obvious remaining open questions to be addressed.
2. Reduction of gauge symmetries: the dressing field method
As we have stated, the differential geometry of fiber bundles supplemented by the
BRST differential algebra are the mathematical underpinning of classical gauge
theories. So, this is the language in which we will formalize our approach. Comple-
mentary material and detailed proofs can be found in [1; 20; 21; 23].
Let us give the main philosophy of the dressing field method in few words. From
a mathematical point of view, a gauge field theory requires some spaces of fields
on which the gauge group acts in a definite way. So, to define a gauge field theory,
the spaces of fields themselves are not sufficient: one has to specify the actions of
the gauge group on them. This implies that the same mathematical space can be
considered as a space of different fields, according to the possible actions of the
gauge group.
Generally, the action is related to the way the space of fields is constructed. For
instance, in the usual geometrical framework of gauge field theories, the primary
structure is a principal fiber bundle P , and the gauge group is its group of vertical
automorphisms. Then, the sections of an associated vector bundle to P , constructed
using the action ρ of the structure group on a vector space V , support an action of
the gauge group which is directly related to ρ.
The physical properties of a gauge field theory are generally encoded into a
Lagrangian L written in terms of the gauge fields (and their derivatives): it is
required to be invariant when the gauge group acts on all the fields involved in its
writing.
The main idea behind the dressing field method is to exhibit a very special field
(the dressing field) out of the gauge fields in the theory, with a specific gauge action.
Then, one performs some change of field variables, very similar to some change of
variables in ordinary geometry, by combining in a convenient way (through sums
and products when they make sense) the gauge fields with the dressing field. The
resulting “dressed fields” (new fields variables of the theory) are then subject to new
actions of the gauge group, that can be deduced from the combination of fields. In
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favorable situations, these dressed fields are invariant under the action of a subgroup
of the gauge group: a part of the gauge group does not act anymore on the new
fields of the theory, that is, the symmetry has been reduced.
Notice some important facts. Firstly, the dressed fields do not necessarily belong
to the original space of fields from which they are constructed. Secondly, in general
the dressing (i.e. the combination of the dressing field with a field from the theory)
looks like a gauge transformation. But we insist on the fact that it is not a gauge
transformation. Finally, the choice of the dressing field relies sometimes on the
physical content of the theory, that is on the specific form of the Lagrangian. So,
the dressing field method can depend on the mathematical, as well as on the physical
content of the theory.
Les us now describe the mathematical principles of the method.
2.1. Composite fields
Let P(M, H) be a principal bundle over a manifold M equipped with a connec-
tion ω with curvature Ω, and let ϕ be a ρ-equivariant V -valued map on P to be
considered as a section of the associated vector bundle E = P ×H V .
The group of vertical automorphisms of P ,
Autv(P) := {Φ : P → P | ∀h ∈ H, ∀p ∈ P ,Φ(ph) = Φ(p)h and π ◦ Φ = Φ}
is isomorphic to the gauge group H :=
{
γ : P → H | R∗hγ(p) = h
−1γ(p)h
}
, the
isomorphism being Φ(p) = pγ(p). The composition law of Autv(P), Φ1 ◦Φ2, corre-
sponds to the product γ1γ2.
In this geometrical settings, the gauge group H ≃ Autv(P) acts on fields via
pull-backs. It acts on itself as ηγ := Φ∗η = γ−1ηγ, and on connections ω, curvatures
Ω and (ρ, V )-tensorial forms ϕ as,
ωγ := Φ∗ω = γ−1ωγ + γ−1dγ, ϕγ := Φ∗ϕ = ρ(γ−1)ϕ, (1)
Ωγ := Φ∗Ω = γ−1Ωγ, (Dϕ)γ := Φ∗Dϕ = Dγϕγ = ρ(γ−1)Dϕ.
These are active gauge transformations, formally identical but to be conceptually
distinguished from passive gauge transformations relating two local descriptions of
the same global objects in local trivializations of the fiber bundles described as
follows. Given two local sections σ1, σ1 of P , related as σ2 = σ1h, either over the
same open set U of M or over the overlap of two open sets U1 ∩ U2, one finds
σ∗2ω = h
−1σ∗1ω h+ h
−1dh, σ∗2ϕ = ρ(h
−1)σ∗1ϕ, (2)
σ∗2Ω = h
−1σ∗1Ω h, σ
∗
2Dϕ = ρ(h
−1)σ∗1Dϕ.
This distinction between active and passive gauge transformations is reminiscent of
the distinction between diffeomorphism and coordinates transformations in GR.
The main idea of the dressing field approach to gauge symmetries reduction is
stated in the following
Proposition 1 ([20]). Let K and G be subgroups of H such that K ⊆ G ⊂ H.
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Note K ⊂ H the gauge subgroup associated with K. Suppose there exists a map
u : P → G satisfying the K-equivariance property R∗ku = k
−1u. (3)
Then this map u, that will be called a dressing field, allows to construct through
f : P → P defined by f(p) = pu(p), the following composite fields
ωu := f∗ω = u−1ωu+ u−1du, ϕu := f∗ϕ = ρ(u−1)ϕ. (4)
which are K-invariant and satisfy
Ωu := f∗Ω = u−1Ωu = dωu + 12 [ω
u, ωu],
Duϕu := f∗Dϕ = ρ(u−1)Dϕ = dϕu + ρ∗(ω
u)ϕu.
These composite field are K-horizontal and thus project on the quotient P/K.
The K-invariance of the composite fields (4) is most readily proven. Indeed
from the definition (3) one has f(pk) = f(p) so that f factorizes through a map
P → P/K and given Φ(p) = pγ(p) with γ ∈ K ⊂ H, one has Φ∗f∗ = (f ◦Φ)∗ = f∗.
The dressing field can be equally defined by its K-gauge transformation: uγ =
γ−1u, for any γ ∈ K ⊂ H. Indeed, given Φ associated to γ ∈ K and (3) : (uγ)(p) :=
Φ∗u(p) = u(Φ(p)) = u(pγ(p)) = γ(p)−1u(p) = (γ−1u)(p).
Several comments are in order. First, (4) looks algebraically like (1): this makes
easy to check algebraically that the composite fields are K-invariant. Indeed, let
χ ∈ {ω,Ω, ϕ, . . .} denote a generic field when performing an operation that applies
equally well to any specific one. For two maps α, α′ with values in H , if one defines
χα algebraically as in (1), then one has (χα)α
′
= χαα
′
. This is for instance the
usual way to compose the actions of two elements of the gauge group. But this
relation is independent of the specific action of the gauge group on α and α′, which
could so belong to different spaces of representation of H. Then (χu)γ = (χγ)u
γ
=
(χγ)γ
−1u = χu, where the last (and essential) equality is the one emphasized above.
Second, if K = H , then the composited fields (4) are H-invariant, the gauge
symmetry is fully reduced, and they live on P/H ≃ M. This shows that the exis-
tence of a global dressing field is a strong constraint on the topology of the bun-
dle P : a K-dressing field means that the bundle is trivial along the K-subgroup,
P ≃ P/K × K, while a H-dressing field means its triviality, P ≃ M × H [20,
Prop. 2].
Third, in the event that G ⊃ H , then one has to assume that the H-bundle
P is a subbundle of a G-bundle, and mutatis mutandis the proposition still holds.
Such a situation occurs for instance when P is a reduction of a frame bundle (of
unspecified order), see Section 4 for an example.
Notice that despite the formal similarity with (1) (or (2)), the composite fields
(4) are not gauge transformed fields. Indeed the defining equivariance property
(3) of the dressing field implies u /∈ H, and f /∈ Autv(P). As a consequence, in
general the composite fields do not belong to the gauge orbits of the original fields:
χu /∈ O(χ). Another consequence is that the dressing field method must also not
be confused with a simple gauge fixing.
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2.2. Residual gauge symmetry
Suppose there is a normal subgroup K and a subgroup J of H such that any h ∈ H
can be uniquely written as h = jk for j ∈ J and k ∈ K. Then H = JK and
J ≃ H/K, whose Lie algebra is denoted by j. Such a situation occurs for instance
with H = J × K. Several examples are based on this structure, see for instance
Sections 3 and 5.
The quotient bundle P/K is then a J-principal bundle P ′ = P ′(M, J), with
gauge group J ≃ Autv(P
′). The residual gauge symmetry of the composite fields
depends on the one hand on that of the gauge fields, and on the other hand on
that of the dressing field. A classification of the manifold of possible situations is
impractical, but below we provide the general treatment of two most interesting
cases.
2.2.1. The composite fields as genuine gauge fields
With the previous decomposition of H , our first case is summarized in this next
result.
Proposition 2. Let u be a K-dressing field on P. Suppose its J-equivariance is
given by
R∗ju = Adj−1u, for any j ∈ J. (5)
Then the dressed connection ωu is a J-principal connection on P ′. That is, for
X ∈ j and j ∈ J , ωu satisfies: ωu(Xv) = X and R∗jω
u = Adj−1ω
u. Its curvature is
given by Ωu. Also, ϕu is a (ρ, V )-tensorial map on P ′ and can be seen as a section
of the associated bundle E′ = P ′ ×J V . The covariant derivative on such sections
is given by Du = d+ ρ(ωu).
From this we immediately deduce the following
Corollary 3. The transformation of the composite fields under the residual J -
gauge symmetry is found in the usual way to be
(ωu)γ
′
:= Φ′
∗
ωu = γ′
−1
ωuγ′ + γ′
−1
dγ′, (ϕu)γ
′
:= Φ′
∗
ϕu = ρ(γ′
−1
)ϕu,
(Ωu)γ
′
:= Φ′
∗
Ωu = γ′
−1
Ωuγ′, (Duϕu)γ
′
:= Φ′
∗
Duϕu = ρ(γ′
−1
)Duϕu,
(6)
with Φ′ ∈ Aut(P ′) ≃ J ∋ γ′.
A quick way to convince oneself of this is to observe that for Φ′ ∈ Autv(P
′) one
has, using (5),
(
uγ
′)
(p) := (Φ′
∗
u)(p) = u(Φ′(p)) = u(pγ′(p)) = γ′(p)−1u(p)γ′(p) =
(γ′
−1
uγ′)(p). So, using again the generic variable χ one finds that (χu)γ
′
=
(χγ
′
)u
γ′
= (χγ
′
)γ
′−1uγ′ = χuγ
′
, which proves (6). In field theory, the relation
uγ
′
= γ′
−1
uγ′ can be preferred to (5) as a condition on the dressing field u.
The above results show that when (5) holds, the composite fields (4) are K-
invariant but genuine J -gauge fields with residual gauge transformation given by
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(6). It may then be possible to perform a further dressing operation provided a
suitable dressing field exists and satisfies the compatibility condition of being in-
variant under the K-gauge subgroup just erased. The extension of this scheme to
any number of dressing fields can be found in [21]. Let us now turn to our next
interesting case.
2.2.2. The composite fields as twisted-gauge fields
To define these gauge fields with a new behavior under the action of the gauge
group, we need to introduce some definitions. Let G′ ⊃ G be a Lie group for which
the representation (ρ, V ) of G is also a representation of G′. Let us assume the
existence of a C∞-map C : P × J → G′, (p, j) 7→ Cp(j), satisfying
Cp(jj
′) = Cp(j)Cpj(j
′). (7)
From this we have that Cp(e) = e, with e the identity in both J and G
′, and
Cp(j)
−1 = Cpj(j
−1). Its differential is
dC|(p,j) = dC(j)|p + dCp|j : TpP ⊕ TjJ → TCp(j)G
′,
where ker dC(j) = TjJ and ker dCp = TpP , and where dC(j) (resp. dCp) uses the
differential on P (resp. J). Notice that Cp(j)
−1dC|(p,j) : TpP ⊕ TjJ → TeG
′ = g′.
We then state the following result.
Proposition 4. Let u be a K-dressing field on P. Suppose its J-equivariance is
given by
(R∗ju)(p) = j
−1u(p)Cp(j), with j ∈ J and C a map as above. (8)
Then ωu satisfies
(1) ωup (X
v
p ) = cp(X) :=
d
dtCp(e
tX)|t=0, for X ∈ j and X
v
p ∈ VpP
′.
(2) R∗jω
u = C(j)−1ωuC(j) + C(j)−1dC(j).
The dressed curvature Ωu is J-horizontal and satisfies R∗jΩ
u = C(j)−1ΩuC(j).
Also, ϕu is a ρ(C)-equivariant map, R∗jϕ
u = ρ (C(j))
−1
ϕu. The first order dif-
ferential operator Du := d + ρ∗(ω
u) is a natural covariant derivative on such
ϕu so that Duϕu is a (ρ(C), V )-tensorial form: R∗jD
uϕu = ρ (C(j))−1Duϕu and
(Duϕu)p(X
v
p ) = 0.
This proposition shows that ωu behaves “almost as a connection”: we call it a
C-twisted connection 1-form. There is a natural geometric structure to interpret
the dressed field ϕu. Omitting the representation ρ of G′ on V to simplify notations,
we can define the following equivalence relation on P × V :
(p, v) ∼ (pj, Cp(j)
−1v) for any p ∈ P , v ∈ V , and j ∈ J .
Using the properties of the map C, it is easy to show that this is in-
deed an equivalence relation. In particular, one has (pjj′, Cp(jj
′)−1v) ∼
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(pjj′, Cpj(j
′)−1Cp(j)
−1v) ∼ (pj, Cp(j)
−1v) ∼ (p, v). Then one can define the quo-
tient vector bundle over M
E = P ×C(J) V := (P × V )/∼ (9)
that we call a C(J)-twisted associated vector bundle to P . Notice that when J =
{e}, one has E = P × V . Adapting standard arguments in fiber bundle theory, one
can show that sections of E are C(J)-equivariant maps
ϕ : P → V such that ϕ(pj) = Cp(j)
−1ϕ(p) for any p ∈ P , j ∈ J .
The dressing field ϕu is then a section of E satisfying ϕu(pk) = ϕu(p) for any
p ∈ P and k ∈ K by construction.
We can now deduce the transformations of the composite fields under the resid-
ual gauge group J . Consider Φ ∈ Autv(P
′) ≃ J ∋ γ, where γ : P → J satisfies
γ(pk) = γ(p) and γ(pj) = j−1γ(p)j for any p ∈ P , k ∈ K and j ∈ J , and define
the map C(γ) : P → G′, p 7→ Cp (γ(p)), given by the compositions
P
∆
// P × P
id×γ
// P × J
C
// G′
p
✤
// (p, p)
✤
// (p, γ(p))
✤
// Cp(γ(p))
Its differential dC(γ)|p : TpP → TCp(γ(p))G
′ is given by dC(γ) = dC ◦ (id⊕ dγ) ◦
d∆, and we have Cp (γ(p))
−1 dC(γ)|p : TpP → TeG
′ = g′. The residual gauge
transformation of the dressing field is then
(
uγ
)
(p) := (Φ∗u)(p) = u(pγ(p)) =
γ(p)−1u(p)Cp
(
γ(p)
)
=
(
γ−1uC(γ)
)
(p), that is
uγ = γ−1uC(γ). (10)
This relation can be taken as an alternative to (8) as a condition on the dressing
field u. We have then the following proposition.
Proposition 5. Given Φ ∈ Autv(P
′) ≃ J ∋ γ, the residual gauge transformations
of the composite fields are
(ωu)γ := Φ∗ωu = C(γ)−1ωuC(γ) + C(γ)−1dC(γ),
(ϕu)γ := Φ∗ϕu = ρ
(
C(γ)−1
)
ϕu,
(Ωu)γ := Φ∗Ωu = C(γ)−1ΩuC(γ),
(Duϕu)γ := Φ∗Duϕu = ρ
(
C(γ)−1
)
Duϕu. (11)
This shows that the composite fields (4) behave as gauge fields of a new kind,
on which the implementation of the gauge principle is factorized through the map
C. Given (10) and the usual J -gauge transformations for the standard gauge fields
χ, the above results can be obtained by a direct algebraic calculation: (χu)γ =
(χγ)u
γ
= (χγ)γ
−1uC(γ) = χuC(γ).
Under a further gauge transformation Ψ ∈ Autv(P
′) ≃ η ∈ J , there are two
ways to compute the composition Ψ∗(Φ∗u) of the two actions: first we use the com-
position inside the gauge group, (Φ ◦ Ψ)(p) = pγ(p)η(p), so that (Ψ∗(Φ∗u)) (p) =
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((Φ ◦Ψ)∗u) (p) = u (pγ(p)η(p)) = η(p)−1γ(p)−1u(p)Cp
(
γ(p)η(p)
)
; secondly, we
compute the actions successively,
(Ψ∗(Φ∗u)) (p) =
(
γ−1uC(γ)
)
(Ψ(p)) = γ (pη(p))
−1
u (pη(p))Cpη(p) (γ(pη(p))
= η(p)−1γ(p)−1η(p) · η(p)−1u(p)Cp (η(p)) · Cpη(p)
(
η(p)−1γ(p)η(p)
)
= η(p)−1γ(p)−1u(p)Cp (γ(p)η(p)) .
In both cases, Ψ∗(Φ∗u) = η−1γ−1 u C (γη), which secures the fact that the actions
(11) of the residual gauge symmetry on the composite fields are well behaved as
representations of the residual gauge group, even if C is not a morphism of groups.
Ordinary connections correspond to Cp(j) = j for any p ∈ P
′ and j ∈ J , in
which case, it is a morphism of groups.
The case of 1-α-cocycles. For a p ∈ P ′, suppose given Cp : J → G
′ satisfying
Cp(jj
′) = Cp(j) αj [Cp(j
′)] for α : J → Aut(G′) a continuous group morphism. Such
an object appears in the representation theory of crossed products of C∗-algebras
and is known as a 1-α-cocycle (see [50; 69]).d Then, defining Cpj(j
′) := αj [Cp(j
′)],
one has an example of (7), and the above result applies to the 1-α-cocycle C. As a
particular case, consider the following
Proposition 6. Suppose J is abelian and let Ap, B : J → GLn be group morphisms
where R∗jAp(j
′) = B(j)−1Ap(j
′)B(j). Then Cp := ApB : J → GLn is a 1-α-cocyle
with α : J → Aut(GLn) defined by αj [g] = B(j)
−1gB(j) for any g ∈ GLn.
Using the commutativity of J through B(j)B(j′) = B(jj′) = B(j′j) = B(j′)B(j),
the proposition is proven as Cp(jj
′) = Ap(jj
′)B(jj′) = Ap(j)Ap(j
′)B(j)B(j′) =
Ap(j)B(j) B(j)
−1[Ap(j
′)B(j′)]B(j) = Cp(j) B(j)
−1[Cp(j
′)]B(j). Notice also that
we have Cp(jj
′) = Cp(j
′j) = Cp(j
′) B(j′)−1[Cp(j)]B(j
′). Such 1-α-cocycles will
appear in the case of the conformal Cartan geometry and the associated Tractors
and Twistors in Section 5.
2.3. Application to the BRST framework
2.3.1. The BRST differential algebra
The BRST differential algebra captures the infinitesimal version of (1). Abstractly
(see for instance [17]) it is a bigraded differential algebra generated by {ω,Ω, v, ζ}
where v is the so-called ghost and the generators are respectively of degrees (1, 0),
(2, 0), (0, 1) and (1, 1). It is endowed with two nilpotent antiderivations d and s, ho-
mogeneous of degrees (1, 0) and (0, 1) respectively, with vanishing anticommutator:
d2 = 0 = s2, sd + ds = 0. The algebra is equipped with a bigraded commuta-
tor [α, β] := αβ − (−)deg[α]deg[β]βα. The action of d is defined on the generators
by: dω = Ω − 12 [ω, ω] (Cartan structure equation), dΩ = [Ω, ω] (Bianchi identity),
dIn the general theory the group G′ is replaced by a C∗-algebra A.
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dv = ζ and dζ = 0. The action of the BRST operator on the generators gives the
usual defining relations of the BRST algebra,
sω = −dv − [ω, v], sΩ = [Ω, v], and sv = − 12 [v, v]. (12)
When the abstract BRST algebra is realized in a differential geometry frame-
work, the bigrading is according to the de Rham form degree and ghost degree: d is
the de Rham differential on P (or M if one works in local trivializations) and s is
the de Rham differential on H. The ghost is the Maurer-Cartan form on H so that
v ∈
∧1
(H,LieH), and given ξ ∈ TH, v(ξ) : P → h ∈ LieH [7]. So in practice the
ghost can be seen as a map v : P → h ∈ LieH, a placeholder that takes over the
role of the infinitesimal gauge parameter. Thus the first two relations of (12) (and
(13) below) reproduce the infinitesimal gauge transformations of the gauge fields
(1), while the third equation in (12) is the Maurer-Cartan structure equation for
the gauge group H. The BRST transformation of the section ϕ (of degrees (0, 0))
and its covariant derivative are
sϕ = −ρ∗(v)ϕ, and sDϕ = −ρ∗(v)Dϕ. (13)
where ρ∗ is the representation of the Lie algebra induced by the representation ρ
of the group.
The BRST framework provides an algebraic characterization of relevant quanti-
ties in gauge theories, such as admissible Lagrangian forms, observables and anoma-
lies, all of which required to belong to the s-cohomology group H∗,∗(s) of s-closed
but not s-exact quantities.
2.3.2. Modified BRST differential algebra
Since the BRST algebra encodes the infinitesimal gauge transformations of the
gauge fields, it is expected that the dressing field method modifies it. To see how,
let us first consider the following
Proposition 7. Consider the BRST algebra (12)-(13) on the initial gauge variables
and the ghost v ∈ LieH. Introducing the dressed ghost
vu = u−1vu+ u−1su, (14)
the composite fields (4) satisfy the modified BRST algebra:
sωu = −Duvu = −dvu − [ωu, vu], sϕu = −ρ∗(v
u)ϕu,
sΩu = [Ωu, vu], svu = − 12 [v
u, vu].
This result does not rest on the assumption that u is a dressing field.
The result is easily found by expressing the initial gauge variable χ = {ω,Ω, ϕ}
in terms of the dressed fields χu and the dressing field u, and re-injecting in the
initial BRST algebra (12)-(13). At no point of the derivation does su need to be
explicitly known. It then holds regardless if u is a dressing field or not.
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If the ghost v encodes the infinitesimal initial H-gauge symmetry, the dressed
ghost vu encodes the infinitesimal residual gauge symmetry. Its concrete expression
depends on the BRST transformation of u.
Under the hypothesis K ⊂ H , the ghost decomposes as v = vk + vh/k, and the
BRST operator splits accordingly: s = sk + sh/k. If u is a dressing field its BRST
transformation is the infinitesimal version of its defining transformation property:
sku = −vku. So the dressed ghost is
vu = u−1vu+ u−1su = u−1(vk + vh/k)u+ u
−1(−vku+ sh/ku)
= u−1vh/ku+ u
−1sh/ku.
The LieK part of the ghost, vk, has disappeared. This means that skχ
u = 0, which
expresses the K-invariance of the composite fields (4).
Residual BRST symmetry If K ⊂ H is a normal subgroup, then H/K = J is
a group with Lie algebra h/k = j. We here provide the BRST treatment of the two
cases detailed in Section 2.2.
Suppose the dressing field satisfies the condition (5), whose BRST version is
sju = [u, vj]. The dressed ghost is then
vu = u−1vju+ u
−1sju = u
−1vju+ u
−1(uvj − vju) = vj. (15)
This in turn implies that the new BRST algebra is
sωu = −Duvj = −dvj − [ω
u, vj], sϕ
u = −ρ∗(vj)ϕ
u,
sΩu = [Ωu, vj], svj = −
1
2 [vj, vj]. (16)
This is the BRST version of (6), and reflects the fact that the composite fields (4)
are genuine J -gauge fields, in particular that ωu is a J-connection.
Suppose now that the dressing field satisfies the condition (8), whose BRST
version is sju = −vju+ ucp(vj). The dressed ghost is then
vu = u−1vju+ u
−1sju = u
−1vju+ u
−1 (−vju+ ucp(vj)) = cp(vj). (17)
This in turn implies that the new BRST algebra is
sωu = −dcp(vj)− [ω
u, cp(vj)], sϕ
u = −ρ∗(cp(vj))ϕ
u,
sΩu = [Ωu, cp(vj)], scp(vj) = −
1
2 [cp(vj), cp(vj)]. (18)
This is the BRST version of (11), and reflects the fact that the composite fields (4)
instantiate the gauge principle in a satisfactory way.
To conclude we mention that the dressing operation is compatible with Stora’s
method of altering a BRST algebra so that it describes the action of infinitesimal
diffeomorphisms of the base manifold on the gauge fields, in addition to their gauge
transformations, as described in [36; 61] for instance: details can be found in [24].
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2.4. Local construction and physics
Until now, we have been focused on the global aspects of the dressing approach on
the bundle P to emphasize the geometric nature of the composite fields obtained.
Most notably we showed that the composite field can behave as “generalized” gauge
fields. But to do physics we need the local representatives on an open subset U ⊂M
of global dressing and composite fields. These are obtained in the usual way from
a local section σ : U → P of the bundle. The important properties they thus retain
are their gauge invariance and their residual gauge transformations.
If it happens that a dressing field is defined locally on U first, and not directly
on P , then the local composite fields χu are defined in terms of the local dressing
field u and local gauge fields χ by (4). The gauge invariance and residual gauge
transformations of these local composite fields are derived from the gauge transfor-
mations of the local dressing field under the various subgroups of the local gauge
group Hloc according to (χ
u)γ = (χγ)u
γ
. The BRST treatment for the local objects
mirrors exactly the one given for global objects.
This being said, note A = σ∗ω and F = σ∗Ω for definiteness but keep u and ϕ
to denote the local dressing field and sections of the associated vector bundle E.
Suppose that the base manifold is equipped with a (r, s)-Lorentzian metric allowing
for a Hodge star operator, and that V is equipped with an inner product 〈 , 〉. We
state the final proposition dealing with gauge theory.
Proposition 8. Given the geometry defined by a bundle P(M, H) endowed with
ω and the associated bundle E, suppose we have a gauge theory given by the proto-
typical Hloc-invariant Yang-Mills Lagrangian
L(A,ϕ) = 12 Tr(F ∧ ∗F ) + 〈Dϕ, ∗Dϕ〉 − U(‖ϕ‖) vol,
where vol is the metric volume form on M, ‖ϕ‖ := |〈ϕ〉|
1/2 and U is a potential
term.e. If there is a local dressing field u : U → G ⊂ H with Kloc-gauge transforma-
tion uγ = γ−1u, then the above Lagrangian is actually a “Hloc/Kloc-gauge theory”
defined in terms of Kloc-invariant variables since we have
L(A,ϕ) = L(Au, ϕu) = 12 Tr(F
u ∧ ∗Fu) + 〈Duϕu, ∗Duϕu〉 − U(‖ϕu‖) vol .
The relation L(A,ϕ) = L(Au, ϕu) is satisfied since, as already noticed, relations
(4) look algebraically like gauge transformations (1) under which L is supposed to
be invariant in a formal way.
The terminology “Hloc/Kloc-gauge theory” means that the Lagrangian is written
in terms of fields which are invariant under the action of γ : U → K. Since the
quotient H/K needs not be a group, the remaining symmetries of the fields might
not be described in terms of a group action.
Notice that since u is a dressing field, u /∈ Hloc, so the dressed Lagrangian
L(Au, ϕu) ought not to be confused with a gauge-fixed Lagrangian L(Aγ , ϕγ) for
eFor instance, such a term is the one for a spontaneous symmetry breaking mechanism.
February 10, 2017 1:18 WSPC/INSTRUCTION FILE
The˙dressing˙field˙method-WS
14 J. Attard, J. Franc¸ois, S. Lazzarini,T. Masson
some chosen γ ∈ Hloc, even if it may happen that γ = u as fields if one forgets
about the corresponding representations of the gauge group, a fact that might go
unnoticed. As we have stressed in Section 2, the dressing field approach is distinct
from both gauge-fixing and spontaneous symmetry breaking as a means to reduce
gauge symmetries.
Let us highlight the fact that a dressing field can often be constructed by requir-
ing the gauge invariance of a prescribed “gauge-like condition”. Such a condition is
given when a local gauge field χ (often the gauge potential) transformed by a field u
with value in the symmetry group H , or one of its subgroups, is required to satisfy
a functional constraint: Σ(χu) = 0. Explicitly solved, this makes u a function of
χ, u(χ), thus sometimes called field dependent gauge transformation. However this
terminology is valid if and only if u(χ) transforms under the action of γ ∈ Hloc as
u(χ)γ := u(χγ) = γ−1u(χ)γ, in which case u(χ) ∈ Hloc. But if the functional con-
straint still holds under the action of Hloc, or of a subgroup thereof, it follows that
(χγ)u
γ
= χu (or equivalently that sχu = 0). This in turn suggests that uγ = γ−1u
(or su = −vu) so that u /∈ Hloc but is indeed a dressing field.
This, and the above proposition, generalizes the pioneering idea of Dirac [15; 16]
aiming at quantizing QED by rewriting the classical theory in terms of gauge-
invariant variables. The idea was rediscovered several times and sometimes termed
Dirac variables [37; 54]. They reappeared in various contexts in gauge theory, such
as QED [38], quarks theory in QCD [40], the proton spin decomposition controversy
[22; 42; 43]. The dressing field approach thus gives a unifying and clarifying frame-
work for these works, and others concerning the BRST treatment of anomalies in
QFT [28; 44], Polyakov’s “partial gauge fixing” for 2D-quantum gravity [41; 55] or
the construction of the Wezz-Zumino functionnal [3].
In the following we provide examples of significant applications of the dressing
field approach in various contexts: the electroweak sector of the Standard Model,
the tetrad vs metric formulation of GR, and tractors and twistors obtained from
conformal Cartan geometry.
3. The electroweak sector of the Standard Model
The aim of the electroweak model is to give a gauge theoretic account of the fact that
there is one long range interaction mediated by a massless boson, electromagnetism,
together with a short range interaction mediated by massive bosons, the weak
interaction. Here we discard the spinors (matter fields) of the theory and consider
only the theory describing the gauge potentials and the scalar field. The spinors
could be treated along the lines of the following exposition. More details can be
found in [21; 46].
3.1. Reduction of the SU(2)-symmetry via dressing
The principal bundle of the model is P (M, U(1)× SU(2)) and it is endowed with
a connection whose local representative is A = a+ b. Its curvature is F = fa + gb.
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The defining representation of the structure group is (C2, ℓ), with ℓ the left matrix
multiplication. The associated vector bundle is E = P ×ℓ C
2 and we denote by ϕ :
U ⊂M→ C2 a (local) section. The covariant derivative is Dϕ = dϕ+ (g′a+ gb)ϕ,
with g′, g the coupling constants of U(1) and SU(2) respectively. The action of the
gauge group H = U(1)× SU(2) (we drop the subscript “loc” from now on) is,
aα = a+ 1g′α
−1dα, bα = b, ϕα = α−1ϕ,
aβ = a, bβ = β−1bβ + 1gβ
−1dβ, ϕβ = β−1ϕ,
where α ∈ U(1) and β ∈ SU(2). The structure of direct product group is clear. The
H-invariant Lagrangian form of the theory is,
L(a, b, ϕ) = 12 Tr(F ∧ ∗F ) + 〈Dϕ, ∗Dϕ〉 − U(‖ϕ‖) vol,
= 12 Tr(fa ∧ ∗fa) +
1
2 Tr(gb ∧ ∗gb)
+ 〈Dϕ, ∗Dϕ〉 −
(
µ2〈ϕ,ϕ〉+ λ〈ϕ,ϕ〉2
)
vol,
(19)
where µ, λ ∈ R. This gauge theory describes the interaction of a doublet scalar field
ϕ with two gauge potentials a and b. As it stands, nor a nor b can be massive, and
indeed L contains no mass term for them. It is not a problem for a since we expect
to have at least one massless field to carry the electromagnetic interaction. But
the weak interaction is short range, so its associated field must be massive. Hence
the necessity to reduce the SU(2) gauge symmetry in the theory in order to allow
a mass term for the weak field. Of course we know that this can be achieve via
SSBM. Actually the latter is used in conjunction with a gauge fixing, the so-called
unitary gauge, see e.g [6]. Some authors have given a more geometrical account of
the mechanism based on the bundle reductions theorem, see [60; 63; 65].
We now show that the SU(2) symmetry can be erased via the dressing field
method. Given the gauge transformations above, we define a dressing field out of
the doublet scalar field ϕ by using a polar decomposition ϕ = uη in C2 with
u ∈ SU(2) and η :=
(
0
‖ϕ‖
)
∈ R+ ⊂ C2, so that uβ = β−1u, (20)
as can be checked explicitly. Then u is a SU(2)-dressing field that can be used to
apply Prop. 1 and to construct the SU(2)-invariant composite fields
Â = u−1Au+ 1gu
−1du = a+ (u−1bu+ 1gu
−1du) =: a+B,
F̂ = u−1Fu = fa + u
−1gbu =: fa +G, with G = dB + gB
2,
ϕ̂ = u−1ϕ = η, and D̂ϕ̂ = u−1Dϕ = D̂η = dη + (g′a+ gB)η. (21)
By virtue of Prop. 8, we conclude that the theory defined by the electroweak La-
grangian (19) is actually a U(1)-gauge theory described in terms of the above com-
posite fields,
L(a,B, η) = 12 Tr(F̂ ∧ ∗F̂ ) + 〈D̂η, ∗D̂η〉 − U(η) vol,
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= 12 Tr(fa ∧ ∗fa) +
1
2 Tr(G ∧ ∗G) + 〈D̂η, ∗D̂η〉 −
(
µ2η2 + λη4
)
vol .
(22)
Notice that by its very definition ηβ = ηα = η, so it is already a fully gauge invariant
scalar field which then qualifies as an observable.
3.2. Residual U(1)-symmetry
Is a mass term allowed for the SU(2)-invariant field B? To answer one needs to
check its U(1)-residual gauge transformation Bα, which depends on the U(1)-gauge
transformation of the dressing field u. One can check that
uα = uα˜, where α˜ =
(
α 0
0 α−1
)
.
We therefore have
Bα = (bα)u
α
= α˜−1u−1buα˜+ 1g α˜
−1(u−1du)α˜+ 1g α˜
−1dα˜ = α˜−1Bα˜+ 1g α˜
−1dα˜,
Gα = (gαb )
uα = α˜−1u−1gbuα˜ = α˜
−1Gα˜.
In view of this, it would seem that B still cannot have mass terms. But given the
decomposition B = Baσ
a where σa are the hermitian Pauli matrices and Ba ∈ iR,
so that B¯a = −Ba, we have explicitly
B = Baσ
a =
(
B3 B1 − iB2
B1 + iB2 −B3
)
=:
(
B3 W
−
W+ −B3
)
,
and
Bα =
(
B3 +
1
gα
−1dα α−2W−
α2W+ −B3 −
1
gα
−1dα
)
.
The fields W± transform tensorially under U(1), and so they can be massive: they
are the (U(1)-charged) particles detected in the SPS collider in January 1983. The
field B3 transforms as a U(1)-connection, making it another massless field together
with the genuine U(1)-connection a. Considering (a,B3) as a doublet, one can
perform a natural change of variables(
A
Z0
)
:=
(
cos θW sin θW
− sin θW cos θW
)(
a
B3
)
=
(
cos θWa+ sin θWB3
cos θWB3 − sin θW a
)
,
where the so-called Weinberg (or weak mixing) angle is defined by cos θW =
g/
√
g2 + g′2 and sin θW = g
′/
√
g2 + g′2. By construction, it is easy to show that the 1-
form Z0 is then fully gauge invariant and can therefore be both massive and observ-
able: it is the neutral weak field whose boson has been detected in the SPS collider
in May 1983. Now, still by construction, we have Aβ = A and Aα = A + 1eα
−1dα
with coupling constant e := gg′/
√
g2 + g′2 = g′ cos θW = g sin θW . So A is a U(1)-
connection: it is the massless carrier of the electromagnetic interaction and e is the
elementary electric charge.
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The electroweak theory (22) is then expressed in terms of the gauge invariant
fields η, Z0 and of the U(1)-gauge fields W±, A:
L(A,W±, Z0, η) = 12 Tr(F̂ ∧ ∗F̂ ) + 〈Dη, ∗Dη〉 − U(η) vol
= dZ0 ∧ ∗dZ0 + dA ∧ ∗dA+ dW− ∧ ∗dW+
+ 2g
{
sin θW
(
dA ∧ ∗(W−W+) + cos θW
(
dZ0 ∧ ∗(W−W+)
+ dW− ∧ ∗(W+A) + dW− ∧ ∗(W+Z0)
+ dW+ ∧ ∗(AW−)
)
+ dW+ ∧ ∗(Z0W−)
)}
+ 4g2
{
sin2 θW AW
− ∧ ∗(W+A)
+ cos2 θW Z
0W− ∧ ∗(W+Z0)
+ sin θW cos θW AW
− ∧ ∗(W+Z0)
+ sin θW cos θW Z
0W− ∧ ∗(W+A)
+
1
4
W−W+ ∧ ∗(W−W+)
}
+ dη ∧ ∗dη − g2η2 W+ ∧ ∗W− − (g2 + g′2)η2 Z0 ∧ ∗Z0
−
(
µ2η2 + λη4
)
vol . (23)
We can read off all possible interactions between the four electroweak fields. Notice
that there is no coupling between the fields A and Z0, showing the electric neutrality
of the Z0.
The next natural step is to expand the R+-valued scalar field η around its unique
configuration η0 minimizing the potential U(η), the so-called Vacuum Expectation
Value (VEV), as η = η0 + H where H is the gauge invariant Higgs field. True
mass terms for Z0,W± and H depending on η0 then appear from the couplings of
the electroweak fields with η and from the latter’s self interaction. The absence of
coupling between η and A indicates the masslessness of the latter (the two photons
decay channel of the Higgs boson involves intermediary leptons, not treated here).
The theory has two qualitatively distinct phases. In the phase where µ2 > 0,
the VEV vanishes and so do all masses, while in the phase where µ2 < 0, the VEV
is non-vanishing, η0 =
√
−µ2/2λ. The masses of the fields Z0,W± and H are then
mZ0 = η0
√
(g2 + g′2), mW± = η0g , with ratio
m
W±
mZ0
= cos θW , and mH = η02λ. In
this case, (23) becomes the electroweak Lagrangian form of the Standard Model in
the so-called unitary gauge. But keep in mind that, as a result of the dressing field
method, no gauge fixing nor SSBM is involved to obtain it.
3.3. Discussion
Some differences with the usual viewpoint is worth stressing. The SSBM is usually
constructed as follows. At high energy (i.e. in the phase µ2 > 0) the symmetric
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VEV ϕ0 =
(
0
0
)
of ϕ ∈ C2 respect the full SU(2) × U(1) gauge symmetry group so
that no gauge potential in the theory can be massive. At low energy (i.e. in the
phase µ2 < 0) the field ϕ must fall somewhere in the space of configurations that
minimize the potential U(ϕ). A space which is a circle in C2 defined by M0 =
{
ϕ ∈
C2 | ϕ¯1ϕ1+ϕ¯2ϕ2 = −µ
2/λ
}
, whose individual points are not invariant under SU(2).
Then, once an arbitrary minimum ϕ0 ∈ M0 is randomly selected, the gauge group
is broken down to U(1) and mass terms for SU(2)-gauge potentials are generated.
See e.g [73]. This usual interpretation takes place in the history of the Universe,
and this “phase transition” is a contingent phenomena, since it selects by chance
one specific value in M0. The Standard Model of Particles Physics (SMPP) then
relies on two strong foundations: one is structural (in the mathematical way), it is
the Lagrangian of the theory; the other one is contingent, it is the historical aspect
of the SSBM.
The dressing field approach allows to clearly distinguish the erasure of SU(2)
and the generation of mass terms as two distinct operations, the former being a
prerequisite of the latter but not its direct cause, as the textbook interpretation
would have it. Notice also that the relevant SU(2)-invariant variables, corresponding
to the physical fields (fermions fields are treated in the same manner, see [46]), are
identified at the mathematical level of the theory in both phases (i.e. independently
of the sign of µ2). The transition between these phases, characterized by different
electroweak vacuum, remains a dynamical process parametrized by the sign of µ2.f
But we stress that in our scheme there is no arbitrariness in the choice of VEV
for η ∈ R+ since it is now unique: η0 =
√
−µ2/2λ when µ2 < 0. In particular, all
the bosons Z0, A,W+,W− (and fermions fields) can be identified at the level of
the theory, without requiring any historical contingent process. In that respect, the
contingent aspect of the SMPP is dispelled to the benefit of its unique structural
foundation.
The arbitrariness of the polar decomposition ϕ = uη is discussed in [46]: im-
posing that the final U(1) charges are clearly identified, the field content of the
Lagrangian in the new variables is the same up to global transformations involving
some rigid transformations of the fields. This implies that the content of the theory
in terms of SU(2)-invariant fields takes place at an ontological level, since it does
not require any historical arguments.
According to [65], the very meaning of the terminology “spontaneous symmetry
breaking” lies in the fact that M0 is not reduced to a point. Granting this reason-
able observation, the dressing field approach would then lead to deny the soundness
of this terminology to characterize the electroweak model. First because the sym-
metry reduction is not related to the choice of a VEV in M0, then because the
latter is reduced to a point. A better characterization would emphasize the link be-
f In fact, it could even be reduced to a technical step useful to perform the usual field quantiza-
tion procedure, which relies heavily on the identification of propagators and mass terms in the
Lagrangian.
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tween mass generation and electroweak vacuum phase transition: “mass generation
through electroweak vacuum phase transition”.
The fact that the dressing field approach to the electroweak model allows to
dispense with the idea of spontaneous breaking of a gauge symmetry is perfectly in
line with the so-called Elitzur theorem stating that in lattice gauge theory a gauge
symmetry cannot be spontaneously broken. An equivalent theorem for gauge field
theory has not been proven, but no reason has been given as to why it would fail
either.
Furthermore, as we have mentioned in the introduction, the status of gauge
symmetries is a disputed question in philosophy of physics. A well argued posi-
tion considers gauge symmetries as “surplus structures”, as philosopher of physics
Michael Redhead calls it, that is a redundancy in our mathematical description of
reality. They would then have an epistemological status. The idea of a spontaneous
breakdown of a gauge symmetry on the other hand, insofar as it implies observable
qualitative physical effects (particles acquire masses in a historical process), sup-
ports an ontological view of gauge symmetries, making them a structural feature of
reality rather than of our description of it. And indeed the part of the philosophy of
physics community interested in this problem has struggled to reconcile the empir-
ical success of the electroweak model with their analysis of gauge symmetries (see
e.g [8; 9]). Often a workaround if proposed in arguing that a gauge fixing removes
the local dependence of the symmetry and that only a global one remains to be
broken spontaneously, which by the Goldstone theorem generates Goldstone bosons
“eaten up” by the gauge bosons gaining masses in the process.
These efforts of interpretation are enlightened once it is recognized that the
notion of spontaneous breaking of gauge symmetry is not pivotal to the empirical
success of the electroweak model. Higgs had a glimpse of this fact [32], and Kibble
saw it clearly [34] (see the paragraph just before the conclusion of his paper).
Both had insights by working on toy models, just before the electroweak model
was proposed by Weinberg and Salam in 1967. The invariant version of the model
was first given in [27] in 1981 (compare Section 6 with our exposition above), but
was rediscovered independently by others [13; 19; 33; 39; 46]. The dressing field
approach provides a general unifying framework for these works, and achieves the
conceptual clarity philosophers of physics have been striving for [25; 62; 64].
4. From tetrad to metric formulation of General Relativity
Einstein teaches us that gravitation is the dynamics of space-time, the base manifold
itself. It deals with spatio-temporal degrees of freedom, not “inner” ones like in
Yang-Mills-type gauge theories. In the most general case there exists a notion of
torsion, a concept absent in Yang-Mills theories. There are more possible invariants
one can use in a Lagrangian due to index contractions impossible in Yang-Mills
theories: the actual Lagrangian form for GR is not of Yang-Mills type.
All this issues from the existence in gravitational theories of the soldering form,
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also known as (co-)tetrad field, which realizes an isomorphism between the tangent
space at each point of space-time and the Minkowski space [63]. The soldering form
can be seen as the formal implementation of Einstein’s “happiest thought”, the
Equivalence Principle, which is the key specific physical feature distinguishing the
gravitational interaction from the three others (Yang-Mills) gauge interactions.
So, while Yang-Mills fields are described by Ehresmann connections (principal
connections) on a principal bundle, the gravitational field is described by both
an Ehresmann connection, the Lorentz/spin connection, and a soldering form. In
1977, McDowell and Mansouri treated the concatenation of the connection and of
the soldering form as a single gauge potential [47]. The mathematical foundation
of this move is Cartan geometry [70; 71]: the third additional axiom defining a
Cartan connection, and distinguishing it from a principal connection, defines an
absolute parallelism on P . This in turn induces, in simple cases, a soldering form
[58]. In other word, the geometry of the bundle P is much more tightly related to
the geometry of the base manifold. On can then convincingly argue that Cartan
geometry is a very natural framework for classical gravitational theories.
In the following we recast the tetrad formulation of GR in terms of the adequate
Cartan geometry, and show that switching to the metric formulation can be seen
as an application of the dressing field method.
4.1. Reduction of the Lorentz gauge symmetry
The relevant Cartan geometry is based on the Klein model (G,H) given by G =
SO(1, 3) ⋉ R1,3, the Poincare´ group, and H = SO(1, 3), the Lorentz group, so
that the associated homogeneous space is G/H = R1,3, the Minkowski space. The
infinitesimal Klein pair is (g, h) with g = so(1, 3) ⊕ R1,3 and h = so(1, 3). The
principal bundle of this Cartan geometry is P (M, SO(1, 3)). The local Cartan
connection and its curvature are the 1-forms ̟ ∈
∧1(U , g) and Ω ∈ ∧2(U , g),
which can be written in matrix form
̟ =
(
A θ
0 0
)
, Ω =
(
R Θ
0 0
)
=
(
dA+A ∧A dθ +A ∧ θ
0 0
)
,
where A ∈
∧1(U , so) is the spin connection with Riemann curvature 2-form R and
torsion Θ = Dθ, and θ ∈
∧1(U ,R1,3) is the soldering form. In other words, this
Cartan geometry is just the usual Lorentz geometry (with torsion). We can thus
consider the Cartan connection ̟ as the gravitational gauge potential. The local
gauge group is SO := SO(1, 3) and its action by an element γ : U → SO, assuming
the matrix form γ = ( S 00 1 ), is
̟γ = γ−1̟γ + γ−1dγ =
(
S−1AS + S−1dS S−1θ
0 0
)
,
Ωγ = γ−1Ωγ =
(
S−1RS S−1Θ
0 0
)
.
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Given these geometrical data, the associated Lagrangian form of GR is given by,
LPal(A, θ) =
−1
32πG
Tr
(
R ∧ ∗(θ ∧ θt)
)
=
−1
32πG
Tr
(
R ∧ ∗(θ ∧ θT η)
)
, (24)
with η the metric of R1,3 and G the gravitational constant. Given S =
∫
L, variation
w.r.t. θ gives Einstein’s equation in vacuum and variation w.r.t. A gives an equation
for the torsion which in the vacuum vanishes (even in the presence of matter, the
torsion does not propagate).
Looking for a dressing field liable to neutralize the SO-gauge symmetry, given
the gauge transformation of the Cartan connection, the tetrad field e = ea in the
soldering form θa = eaµdx
µ is a natural candidate: θS = S−1θ implies eS = S−1e,
so that we define
u =
(
e 0
0 1
)
and we get uγ = γ−1u.
Then u is a SO-dressing field, and notice that its target groupG = GL is bigger than
the structure group which happen to be also its equivariance group, H = K = SO.g
We can apply Prop. 1 and construct the SO-invariant composite fields,
̟̂ = u−1̟u+ u−1du = (e−1Ae+ e−1de e−1θ
0 0
)
=:
(
Γ dx
0 0
)
,
Ω̂ = u−1Ωu =
(
e−1Re e−1Θ
0 0
)
=:
(
R T
0 0
)
,
where Γ = Γµν = Γ
µ
ν,ρdx
ρ is the linear connection 1-form on U ⊂M, and R and T
are the Riemann curvature and torsion 2-forms written in the coordinates system
{xµ} on U . We have their explicit expressions as functions of the components of
the dressed Cartan connection ̟̂ on account of,
Ω̂ = d ̟̂ + ̟̂ ∧ ̟̂ = (dΓ d2x
0 0
)
+
(
Γ ∧ Γ Γ ∧ dx
0 0
)
=
(
dΓ + Γ ∧ Γ Γ ∧ dx
0 0
)
.
We see clearly that if Γ is symmetric on its lower indices, the torsion vanishes.
A Cartan connection always induces a metric on the base manifold U ⊂ M
by g(X,Y ) = η
(
θ(X), θ(Y )
)
, with X,Y ∈ TxU . In component this reads gµν =
eµ
aηabe
b
ν , or in index free notation g = e
T ηe. Notice that by definition g is SO-
gauge-invariant. It is easy to show that in this formalism, the metricity condition is
necessarily satisfied: D̂g := ∇g = dg−ΓTg−gΓ = −eT
(
AT η+ηA
)
e = 0. Therefore
if T = 0, Γ is the Levi-Civita connection.
Now by application of Prop. 8 we see that the classic calculation that allows to
switch from the SO-gauge formulation to the metric formulation can be seen as an
example of the dressing field method,
LPal(A, θ) =
−1
32πG
Tr
(
R ∧ ∗(θ ∧ θt)
)
=
−1
32πG
Tr
(
Rg
)
∧ ∗(dx ∧ dx)
gWhile in the previous example we had G = K = SU(2) ⊂ H = U(1) × SU(2).
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=
1
16πG
√
|g|dmx Ricc =: LEH(Γ, g).
The last equation defines the Einstein-Hilbert Lagrangian form, depending on the
SO-invariant composite fields Γ and g.
4.2. Residual symmetry
The SO-invariant fields g, ̟̂ = (Γ, dx) and Ω̂ = (R, T ) belong to the natural
geometry of the base manifold M, i.e. the geometry defined only in terms of its
frame bundle and its associated vector bundles. The only residual transformations
these fields can display are coordinates transformations. On the overlap of two
patches of coordinates {xµ} and {yµ} in a trivializing open set U ⊂M, the initial
gauge fields ̟ and Ω, as differential forms, are well defined and invariant. But
obviously θ = edx = e′dy implies that the tetrad undergoes the transformation
e′ = eG, with G = Gµν =
∂xµ
∂yν . The dressing fields then transforms as u
′ = uG,
with G = (G 00 1 ), so the composite fields have coordinates transformations,
̟̂ ′ = u′−1̟u′ + u′−1du′ = G−1 ̟̂G+G−1dG
=
(
G−1ΓG+G−1dG G−1dx
0 0
)
=:
(
Γ′ dy
0 0
)
,
Ω̂′ = u′
−1
Ωu′ = G−1Ω̂G =
(
G−1RG G−1T
0 0
)
=:
(
R′ T ′
0 0
)
,
g′ = e′T ηe′ = GT gG.
This gives the well known transformations of the linear connection, of the metric,
Riemann and torsion tensors under general changes of coordinates. Of course the
Lagrangian form, LEH, is invariant.
4.3. Discussion
The tetrad as a dressing field does not belong to the gauge group SO of the theory.
So, strictly speaking, the invariant composite field ̟̂ is not a gauge transformation
of the Cartan connection ̟. In particular this means that, contrary to what is
sometimes said, Γ is not a gauge transform of the Lorentz connection A. Indeed Γ
is an SO-invariant gl-valued 1-form on M, clearly it does not belong to the initial
space of connections of the theory. Even if one considers that the gauge symmetry
of GR are the coordinates changes, thinking of it as a gauge theory on the frame
bundle LM with gauge group GL, the tetrad eaµ still doesn’t belong to GL. So one
cannot view Γ and A as gauge related. To obtain A from Γ one needs the bundle
reduction theorem, which allows to reduce LM to the subbundle P (M, SO(1, 3)).
To recover Γ from A, one needs to think in terms of the dressing field method.
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5. Conformal Cartan geometry, tractors and twistors
In this Section we show how tractors and twistors, which are conformal calculi for
torsionless manifolds [5; 53], can be derived from the conformal Cartan geometry
via the dressing field method. We thus start by a brief description of this geometry
and then we deal with tractors and twistors.
5.1. Conformal Cartan geometry in a nutshell
A conformal Cartan geometry (P , ̟) can be defined over n-manifolds M for any
n ≥ 3 and signature (r, s) thanks to the group SO(r+1, s+1). We will admit that
the base manifold is such that a corresponding spinorial version (P¯ , ¯̟ ) exists, based
on the group Spin(r + 1, s + 1), so that we have the two-fold covering P¯
2:1
−−→ P .
Since we seek to reproduce twistors in signature (1, 3), as spinors corresponding
to tractors, we are here interested in conformal Cartan geometry over 4-manifolds,
and thus take advantage of the accidental isomorphism Spin(2, 4) ≃ SU(2, 2).
We then treat in parallel the conformal Cartan geometry (P(M, H), ̟) modeled
on the Klein model (G,H) and its naturally associated vector bundle E, as well
as the spinorial version (P¯(M, H¯), ¯̟ ) modeled on the Klein model (G¯, H¯) and its
naturally associated vector bundle E. For simplicity we designate them as the real
and complex cases respectively. By dressing, the real case will yield tractors and
the complex case will yield twistors.
In the real case, we have
G = PSO(2, 4) =
{
M ∈ GL6(R) | M
TΣM = Σ, detM = 1
}
/± id
with Σ =
( 0 0 −1
0 η 0
−1 0 0
)
the group metric, η the flat metric of signature (1, 3), and H is
a parabolic subgroup comprising Lorentz, Weyl and conformal boost symmetries:
it has the following matrix presentation [11; 58], with W := R∗+ (Weyl dilation
group),
H = K0K1 =

z 0 00 S 0
0 0 z−1
1 r 12rrt0 14 rt
0 0 1

∣∣∣∣∣∣∣
z ∈ W,
S ∈ SO(1, 3),
r ∈ R4∗
 ,
where K0 (resp. K1) corresponds to the matrices on the left (resp. right) in the
product. Clearly K0 ≃ CO(1, 3) via (S, z) 7→ zS, and K1 is the abelian group of
conformal boosts. Here T is the usual matrix transposition, rt = (rη−1)T stands
for the η-transposition, and R4∗ is the dual of R4.
The corresponding Lie algebras (g, h) are graded: [gi, gj ] ⊆ gi+j , i, j = 0,±1,
with the abelian Lie subalgebras [g−1, g−1] = 0 = [g1, g1]. They decompose respec-
tively as, g = g−1 ⊕ g0 ⊕ g1 ≃ R
4 ⊕ co(1, 3)⊕R4∗, with co(1, 3) = so(1, 3)⊕R, and
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h = g0 ⊕ g1 ≃ co(1, 3)⊕ R
4∗. In matrix notation we have,
g =

ε ι 0τ s ιt
0 τ t −ε

∣∣∣∣∣∣∣
(s− ε14) ∈ co(1, 3),
τ ∈ R4,
ι ∈ R4∗
 ⊃ h =

ε ι 00 s ιt
0 0 −ε
 .
The graded structure of the Lie algebras is automatically handled by the matrix
commutator.
In order to introduce the complex case, let us first consider the canonical iso-
morphism of vector spaces between Minkowski space R4 and hermitian 2× 2 ma-
trices Herm(2,C) = {M ∈ GL2(C) | M
∗ =M}, where ∗ means trans-conjugation:
R4 → Herm(2,C), x 7→ x¯ = xaσa (σ0 = 12 and σi={1,2,3} are the Pauli matrices).
There is a corresponding double covering group morphism SL(2,C)
2:1
−−→ SO(1, 3),
S¯ 7→ S (so that S−1x 7→ S¯−1x¯S¯−1∗ and xtS 7→ S¯∗x¯tS¯), and its associated Lie
algebra isomorphism so(1, 3) ≃ sl(2,C) is denoted by s 7→ s¯. In the following, the
bar notation will relate the “real” and “complex” cases in a natural way by using
same letters, so generalizing the above maps.
For the complex case, we have then G¯ = SU(2, 2) ≃ Spin(2, 4), which is the
group preserving the metric Σ¯ =
(
0 12
12 0
)
, and H¯ is given in matrix notation by
H¯ = K¯0K¯1 :=
{(
z
1/2S¯−1∗ 0
0 z−
1/2S¯
)(
12 −ir¯
0 12
)∣∣∣∣∣ z ∈ W, S¯ ∈ SL(2,C),r¯ ∈ Herm(2,C)
}
. (25)
There is a double covering H¯
2:1
−−→ H which reduces to a double covering K¯0
2:1
−−→ K0
and a natural isomorphism K¯1 ≃ K1. Using the bar notation, the Lie algebra
isomorphism so(2, 4) = g→ su(2, 2) = g¯ is explicitly given by
g¯ = g¯−1 + g¯0 + g¯1 =
{(
−(s¯∗ − ε212) −iι¯
iτ¯ s¯− ε212
)∣∣∣∣∣ ε ∈ R, s¯ ∈ sl(2,C)τ¯ , ι¯ ∈ Herm(2,C)
}
⊃ h¯ = g¯0 + g¯1. (26)
Once given two Cartan bundles such that P¯(M, H¯)
2:1
−−→ P(M, H), we endow
P(M, H) with a conformal Cartan connection whose local representative on U ⊂M
is ̟ ∈
∧1(U , g), with curvature Ω ∈ ∧2(U , g). In matrix presentation, one has
̟ =
a P 0θ A P t
0 θt −a
 and Ω = d̟ +̟2 =
f C 0Θ W Ct
0 Θt −f
 .
In the same way, P¯(M, H¯) is endowed with a spinorial Cartan connexion
¯̟ =
(
−(A¯∗ − a212) −iP¯
iθ¯ A¯− a212
)
and Ω¯ =
(
−(W¯ ∗ − f212) −iC¯
iΘ¯ W¯ − f212
)
.
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The soldering part of ̟ is θ = e · dx, i.e. θa := eaµdx
µ.h Denote by g the
metric of signature (1, 3) on M induced from η via ̟ according to g(X,Y ) :=
η (θ(X), θ(Y )) = θ(X)T ηθ(Y ), or in a way more familiar to physicists g := eT ηe, so
that gµν = eµ
aηabe
b
ν . The action ofH on ̟ induces, through θ, a conformal class of
metrics c := [g] on M. But (P , ̟) is not equivalent to (M, c). Nevertheless, there
is a distinguished choice, the so-called normal conformal Cartan connection ̟N,
which is unique in satisfying the conditions Θ = 0 and W abad = 0 (which in turn,
through the Bianchi identity, implies f = 0), so that (P , ̟N) is indeed equivalent
to a conformal manifold (M, c).
Still, it would be hasty to identify A in ̟ or ̟N with the Lorentz connection
one is familiar with in physics, and by a way of consequence to take R := dA+A2
and P as the Riemann and Schouten tensors. Indeed, contrary to expectations,
A is invariant under Weyl rescaling and neither R nor P have the well-known
Weyl transformations. It turns out that one recovers the spin connection and the
mentioned associated tensors only after a dressing operation, as shown in [1].
Using the natural representation of H on R6, we can introduce the associated
vector bundle E = P ×H R
6. A section of E is a H-equivariant map on P whose
local expression is ϕ : U ⊂M→ R6, given explicitly as column vectors
ϕ =
ρℓ
σ
 , with ℓ = ℓa ∈ R4, and ρ, σ ∈ R.
The covariant derivative induced by the Cartan connection is Dϕ = dϕ+̟ϕ, with
D2ϕ = Ωϕ. The group metric Σ defines an invariant bilinear form on sections of E:
for any ϕ,ϕ′ ∈ Γ(E), one has 〈ϕ,ϕ′〉 = ϕTΣϕ′ = −σρ′+ ℓT ηℓ′− ρσ′. The covariant
derivative D preserves this bilinear form since ̟ is g-valued: DΣ = dΣ +̟TΣ +
Σ̟ = 0.
We now follow the same line of constructions in the complex case, using the
natural representation C4 of H¯ to define the associated vector bundle E = P¯ ×H¯C
4.
A section of E is a H¯-equivariant map on P¯ whose local expression is ψ : U ⊂M→
C4 given as
ψ =
(
π
ω
)
, with π, ω ∈ C2dual Weyl spinors.
The covariant derivative is now D¯ψ = dψ+ ¯̟ψ, with D¯2ψ = Ω¯ψ. The group metric
Σ¯ defines an invariant bilinear form on sections of E: for any ψ, ψ′ ∈ Γ(E), one has
〈ψ, ψ′〉 = ψ∗Σ¯ψ′ = π∗ω′ + ω∗π′. Again, the covariant derivative D¯ preserves this
bilinear form.
hNotice that from now on we shall make use of “·” to denote Greek indices contractions, while
Latin indices contraction is naturally understood from mat
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The gauge groups H = K0K1 and H¯ = K¯0K¯1 act on the gauge variables, with
γ ∈ H and γ¯ ∈ H¯, as
̟γ = γ−1̟γ + γ−1dγ, ϕγ = γ−1ϕ, ¯̟ γ¯ = γ¯−1 ¯̟ γ¯ + γ¯−1dγ¯, ψγ¯ = γ¯−1ψ.
This induces the actions Ωγ = γ−1Ωγ, Ω¯γ¯ = γ¯−1Ω¯γ¯, (Dϕ)γ = γ−1Dϕ, and
(D¯ψ)γ¯ = γ¯−1D¯ψ. Given γ0 ∈ K0, the soldering part of the gauge transformed Car-
tan connection ̟γ0 is θγ0 = zS−1θ, so that the metric induced by ̟γ0 is g′ = z2g.
On the other hand, θγ1 = θ for γ1 ∈ K1. So, as mentioned above, the action of the
gauge group induces a conformal class of metric c on M.
5.2. Tractors and twistors: constructive procedure via dressing
It has been noticed that tractor and twistor vector bundles are associated to the
conformal Cartan bundle, and that tractor and twistor connections are related to
the conformal Cartan connection [5; 26]. However as it stands, the gauge transfor-
mations above show that ϕ is not a tractor and that ψ is not a twistor. It turns
out that to recover tractors and twistors one needs to erase the conformal boost
symmetry K1 ≃ K¯1. We outline the procedure below and give the important results.
Details can be found in [1; 2].
Given the decompositions H = K0K1 and H¯ = K¯0K¯1, the most natural choice
of dressing field to erase the conformal boost gauge symmetry is u1 : U → K1 in
the real case and its corresponding element u¯1 : U → K¯1 ≃ K1 in the complex case,
given by
u1 =
1 q 12qqt0 14 qt
0 0 1
 , u¯1 = (12 −iq¯
0 12
)
.
It turns out that u1 can be defined via the “gauge-like” constraint Σ(̟
u1) :=
Tr(Au1 − au1) = −nau1 = 0. Indeed, this gives the equation a− qθ = 0, which once
solved for q gives qa = aµe
µ
a, or in index free notation q = a · e
−1.i Now, from
̟γ1 one finds that qγ1 = aγ1 · (eγ1)−1 = (a − re) · e−1 = q − r. One then checks
easily that the constraint Σ(̟u1) = 0 is K1-invariant and that u1 is a dressing field
for K1: from q
γ1 = q − r one shows that uγ11 = γ
−1
1 u1. In the same way, one has
u¯γ¯11 = γ¯
−1
1 u¯1.
With these K1-dressing fields, we can apply (the local version of) Prop. 1 and
form the K1 ≃ K¯1-invariant composite fields in the real and complex cases:
̟1 := ̟
u1 = u−11 ̟u1 + u
−1
1 du1 =
0 P1 0θ A1 P t1
0 θt 0
 , ¯̟ 1 = ¯̟ u¯1 =
(
−A¯∗1 −iP¯1
iθ¯ A¯1
)
Ω1 := Ω
u1 = u−11 Ωu1 = d̟1 +̟
2
1 , Ω¯1 = Ω¯
u¯1 = u¯−11 Ω¯u¯1,
iBeware of the fact that in this index free notation a is the set of components of the 1-form a.
This should be clear from the context.
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ϕ1 := u
−1
1 ϕ,
D1ϕ1 = dϕ1 +̟1ϕ1 =
 dρ1 + P1ℓ1dℓ1 + A1ℓ1 + θρ1 + P t1σ
dσ + θtℓ1
 =
 ∇ρ1 + P1ℓ1∇ℓ1 + θρ1 + P t1σ
∇σ + θtℓ1
 ,
ψ1 := u¯
−1
1 ψ,
D¯1ψ1 = dψ1 + ¯̟ 1ψ1 =
(
dπ1 − A¯
∗
1π1 − iP¯1ω1
dω1 + A¯1ω1 + iθ¯π1
)
=
(
∇¯π1 − iP¯1ω1
∇¯ω1 + iθ¯π1
)
,
with obvious notations. As expected, D21ϕ1 = Ω1ϕ1 and D¯
2
1ψ1 = Ω¯1ψ1. Notice also
that f1 = P1 ∧ θ is the antisymmetric part of the tensor P1.
We claim that ϕ1 is a tractor and that the covariant derivative D1 is a “gen-
eralized” tractor connection [5]. In the same way, we assert that ψ1 is a twistor
and that the covariant derivative D¯1 is a generalized twistor connection [53]. Both
assertions are supported by the analysis of the residual gauge symmetries.
Residual gauge symmetries. Being by construction K1 ≃ K¯1-invariant, the
composite fields collectively denoted by χ1 are expected to display K0-residual and
K¯0-residual gauge symmetries. The groupK0 breaks down as a direct product of the
Lorentz andWeyl groups,K0 = SO(1, 3)W , and in the same way, K¯0 = SL(2,C)W ,
with respective matrix presentations
K0 =
SZ :=
1 0 00 S 0
0 0 1
z 0 00 14 0
0 0 z−1
∣∣∣∣ z ∈ W, S ∈ SO(1, 3)
 (27)
K¯0 =
{
S¯Z¯ :=
(
S¯−1∗ 0
0 S¯
)(
z
1/2 0
0 z−
1/2
) ∣∣∣∣ z ∈W, S¯ ∈ SL(2,C)} (28)
We focus on Lorentz symmetry first, then only bring our attention to Weyl
symmetry. In the following, we will use the above matrix presentations S and S¯ for
elements of the Lorentz gauge group SO and the SL(2,C)-gauge group SL. The
residual gauge transformations of the composite fields under SO is inherited from
that of the dressing field u1. Using ̟
γ0 to compute qS = aS ·(eS)−1 = qS, one easily
finds that uS1 = S
−1u1S, and correspondingly, u¯
S¯
1 = S¯
−1u¯1S¯. This is a local instance
of Prop. 2, which then allows to conclude that the composite fields χ1 are genuine
gauge fields (see Section 2.2.1), w.r.t. Lorentz gauge symmetry. Hence, from Cor. 3
follows that the residual SO-gauge and SL-gauge transformations are:
̟S1 = S
−1̟1S + S
−1dS =
 0 P1S 0S−1θ S−1A1S + S−1dS S−1P t
0 θtS 0
 , (29)
¯̟ S¯1 = S¯
−1 ¯̟ 1S¯ + S¯
−1dS¯ =
(
−
(
S¯∗A¯1S¯
−1∗ + dS¯∗S¯−1∗
)
−i S¯∗P¯1S¯
i S¯−1θ¯S¯−1∗ S¯−1A¯1S¯ + S¯
−1dS¯
)
,
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(30)
and
ΩS1 = S
−1Ω1S, ϕ
S
1 = S
−1ϕ1, (D1ϕ1)
S = S−1D1ϕ1, (31)
Ω¯S¯1 = S¯
−1Ω¯1S¯, ψ
S¯
1 = S¯
−1ψ1, (D¯1ψ1)
S¯ = S¯−1D¯1ψ1. (32)
See [1; 2] for details. Notice that ϕ1 and ψ1 transform as sections of the SO(1, 3)-
associated bundle E1 = E
u1 = P ×SO R
6 and the SL(2,C)-associated bundle
E1 = E
u¯1 = P¯ ×SL C
4 respectively.
We repeat the exact same procedure to analyze the Weyl gauge symmetry, using
again the matrix notations defined in (27) and (28) for Z in the Weyl groupW ⊂ K0
and Z¯ in its complex counterpart W¯ ⊂ K¯0. We first compute the action of W on
the dressing field: using ̟γ0 to compute qZ = aZ · (eZ)−1, one easily finds that
uZ1 = Z
−1u1C(z), where C :W → K1W ⊂ H is defined by
C(z) := k1(z)Z =
1 Υ 12Υ20 14 Υt
0 0 1
z 0 00 14 0
0 0 z−1
 =

z Υ z
−1
2 Υ
2
0 14 z
−1Υt
0 0 z−1
 (33)
where explicitly Υ = Υa = Υµe
µ
a, with Υµ := z
−1∂µz, and Υ
2 = Υaη
abΥb. The
corresponding complex case is u¯Z¯1 = Z¯
−1u¯1C¯(z), where C¯ : W → K¯1W ⊂ H¯ is
defined by, with Υ¯ = Υaσ
a,
C¯(z) := k¯1(z)Z¯ =
(
12 −iΥ¯
0 12
)(
z
1/2
12 0
0 z−
1/2
12
)
=
(
z
1/2
12 −i z
−1/2Υ¯
0 z−
1/2
12
)
. (34)
The map C is not a group morphism, C(z)C(z′) 6= C(zz′), but is a local instance
of a 1-α-cocycle satisfying Prop. 6: C(zz′) = C(z′z) = C(z′) Z′
−1
C(z)Z′. Under a
furtherW-gauge transformation and due to eZ = ze, one has k1(z)
Z
′
= Z′
−1
k1(z)Z
′,
which implies C(z)Z
′
= Z′
−1
C(z)Z′. So, if u1 undergoes a further W-gauge trans-
formation Z′, we get
(
uZ1
)Z′
=
(
ZZ
′)−1
uZ
′
1 C(z)
Z
′
= Z−1 Z′−1u1C(z
′) Z′−1C(z)Z′ =
(ZZ′)−1u1C(zz
′). Mutadis mutandis, all this is true for C¯ in (34) and for u¯1 as well.
We have then a well-behaved action of the gauge groups W and W¯ in the real and
complex cases.
From this we conclude that the composite fields χ1 are instances of gen-
eralized gauge fields described in Section 2.2.2. By Prop. 5, the residual W-
gauge and W¯-gauge transformations are ̟Z1 = C(z)
−1̟1C(z) + C(z)
−1dC(z) and
¯̟ Z¯1 = C¯(z)
−1
¯̟ 1C¯(z) + C¯(z)
−1
dC¯(z), explicitly given by
̟Z1 =

0 z−1
(
P1 +∇Υ−ΥθΥ+
1
2Υ
2θt
)
0
zθ A1 + θΥ−Υ
tθt ∗
0 zθt 0
 , (35)
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¯̟ Z¯1 =
(
−A¯∗1 − (Υ¯θ¯)0 −i z
−1
[
P¯1 +
(
dΥ¯− Υ¯A¯1 − A¯
∗
1Υ¯
)
− Υ¯θ¯Υ¯
]
i zθ¯ A¯1 + (θ¯Υ¯)0
)
, (36)
where (θ¯Υ¯)0 is the sl(2,C) part of θ¯Υ¯ = (θ¯Υ¯)0 +
Υθ
2 12. And (see [1; 2] for details):
ΩZ1 = C(z)
−1Ω1C(z) Ω¯
Z¯
1 = C¯(z)
−1
Ω¯1C¯(z) (37)
ϕZ1 = C(z)
−1ϕ1 =
z
−1
(
ρ1 −Υℓ1 +
σ
2Υ
2
)
ℓ1 −Υ
tσ
zσ
 , (D1ϕ1)Z = C(z)−1D1ϕ1, (38)
ψZ¯1 = C¯(z)
−1ψ1 =
(
z−
1/2
(
π1 + iΥ¯ω1
)
z
1/2ω1
)
, (D¯1ψ1)
Z¯ = C¯(z)−1D¯1ψ1. (39)
From (35), we see that A1 exhibits the known Weyl transformation for the
Lorentz connection, and P1 transforms as the Schouten tensor (in an orthonormal
basis). But, actually, the former genuinely reduces to the latter only when one
restricts to the dressing of the normal Cartan connection ̟N,1, so that A1 is a
function of θ and P1 = P1(A1) is the symmetric Schouten tensor. So f1 vanishes
and we have,
ΩN,1 = d̟N,1 +̟
2
N,1 =
0 C1 00 W1 Ct1
0 0 0
 , (40)
ΩZ
N,1 = C(z)
−1ΩN,1C(z) =
0 z−1 (C1 −ΥW1) 00 W1 ∗
0 0 ∗
 , (41)
Ω¯N,1 = d ¯̟ N,1 + ¯̟
2
N,1 =
(
−W¯∗1 −iC¯1
0 W¯1
)
, (42)
Ω¯Z¯
N,1 = C¯(z)
−1Ω¯N,1C¯(z) =
(
−W¯∗1 −i z
−1
(
C¯1 − Υ¯W¯1 − W¯
∗
1Υ¯
)
0 W¯1
)
. (43)
We see that C1 = ∇P1 is the Cotton tensor, and indeed transforms as such, while
W1 is the invariant Weyl tensor.
From ϕZ1 in (38), we see that the dressed section ϕ1 is a section of the C(W )-
twisted vector bundle E1= E
u1 = P ×C(W ) R
n+2 (see (9)). But this same relation
is also precisely the defining Weyl transformation of a tractor field as derived in
[5]. Then E1 is the so-called standard tractor bundle. Since C(z) ∈ K1W ⊂ H ,
we have (C(z)−1)TΣC(z)−1 = Σ. So the bilinear form on E defined by the group
metric Σ is also defined on E1: 〈ϕ1, ϕ
′
1〉 = ϕ
T
1 Σϕ
′
1. This is otherwise known as the
tractor metric. Furthermore, (D1ϕ1)
Z in (38) shows that the operator D1 := d+̟1
is a generalization of the tractor connection [5; 14]. The term “connection”, while
not inaccurate, could hide the fact that ̟1 is no more a geometric connection
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w.r.t. Weyl symmetry. So we shall prefer to call D1 a generalized tractor covariant
derivative. The standard tractor covariant derivative is recovered by restriction to
the dressing of the normal Cartan connection, DN,1 = d+̟N,1, and ΩN,1 in (40) is
known as the tractor curvature.
In the same way, ψZ¯1 in (39) shows that the dressed section ψ1 is a section of the
C¯(W )-twisted vector bundle E1 = E
u¯1 = P¯ ×C¯(W ) C
4. This same relation is also,
modulo the z factors, the defining Weyl transformation of a local twistor as given
by Penrose [53]. So E1 is identified with the local twistor bundle. It is endowed with
a bilinear form defined by the group metric Σ¯ of SU(2, 2): 〈ψ1, ψ
′
1〉 = ψ
T
1 Σ¯ψ
′
1. It is
well-defined since, in view of C¯(z) ∈ K¯1W ⊂ H¯, we have (C(z)
−1)∗Σ¯C(z)−1 = Σ¯. In
the twistor literature, the quantity 12 〈ψ1, ψ1〉 is known as the helicity of the twistor
field ψ1 [51; 52]. Also, (D¯1ψ1)
Z¯ in (39) shows that the operator D¯1 := d+ ¯̟ 1 is a
generalization of the twistor connection. For the reason stated above, we shall prefer
to call D¯1 a generalized twistor covariant derivative. The usual twistor covariant
derivative is recovered by restriction to the normal case, D¯N,1 = d+ ¯̟N,1, and Ω¯N,1
in (42) is known as the twistor curvature.
Remark that the actions of the Lorentz/SL(2,C) and Weyl gauge groups on the
composite fields χ1 commute. In the real case for instance, we have S
W = S so that(
χSO1
)W
=
(
χS1
)W
=
(
χW1
)SW
=
(
χ
C(z)
1
)S
= χ
C(z)S
1 . But we also have C(z)
SO =
S−1C(z)S, so we get
(
χW1
)SO
=
(
χ
C(z)
1
)SO
=
(
χSO1
)C(z)SO
=
(
χS1
)S−1C(z)S
=
χ
C(z)S
1 . Our notations for the tractor and twistor bundles can then be refined to
reflect this: E1 = P ×C(W )·SO R
6 and E1 = P ×C¯(W )·SL C
4.
Following the ending considerations of Section 2.2.1, the fact that the composite
fields ̟1, ϕ1 are genuine Lorentz-gauge fields satisfying (29) and (31) suggests that
a further dressing operation aiming at erasing Lorentz symmetry is possible. In [1]
we showed that in the case of tractors, the vielbein e = eaµ could be used to this
purpose since it has the transformation eS = S−1e, characteristic of a SO-dressing
field. This is the same process as in the example of GR, treated in Section 4. The
difference is that in GR one erases Lorentz symmetry and ends-up with “nothing”,
that is no gauge symmetry but only coordinates transformations characteristic of
geometric objects living on M, while in the tractor case one ends-up with Weyl
rescalings as residual gauge symmetry in addition to coordinates transformations.
Computing the residual Weyl symmetry after this second dressing displays a slightly
different C-map to be used to perform the transformation of the composite fields,
see [1]. As a matter of fact, in the literature two kinds of transformation law for
tractors can be found, which in our framework corresponds to either erasing only
the K1-symmetry [56; 57], or to erasing both K1 and Lorentz-symmetries [5; 14].
Since there is no finite dimensional spin representation of GL, in the twistor
case the vielbein cannot be used as a second dressing field. By the way, looking at
the SL(2,C) gauge transformation of the vielbein, one sees that it is unsuited as
a SL-dressing field. So, as far as twistors are concerned, the process of symmetry
reduction ends here.
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BRST treatment The gauge group of the initial Cartan geometries are H and
H¯. The associated ghost v ∈ LieH and v¯ ∈ LieH¯ split along the grading of h and h¯,
v = v0 + vι = vε + vs + vι =
ε ι 00 s ιt
0 0 −ε
 ,
v¯ = v¯0 + v¯ι = v¯ε + v¯s + v¯ι =
(
−(s¯∗ − ε/2) −iι¯
0 s¯− ε/2
)
.
The BRST operator splits accordingly as s = s0 + s1 = sW + sL + s1. The algebra
satisfied by the gauge fields χ = {̟,Ω, ϕ, ¯̟ , Ω¯, ψ}, noted BRST, is
s̟ = −Dv = −dv − [̟, v], sΩ = [Ω, v], sv = −v2,
s ¯̟ = −Dv¯ = −dv¯ − [ ¯̟ , v¯], sΩ¯ = [Ω¯, v¯], sv¯ = −v¯2,
sϕ = −vϕ, sψ = −v¯ψ,
From Section 2.3, the composite fields χ1 = {̟1,Ω1, ϕ1, ψ1} satisfy a modified
BRST algebra, formally similar but with composite ghost v1 := u
−1
1 vu1 + u
−1
1 su1.
From the finite gauge transformations of u1, and the linearizations γ1 ≃ 1+ vι and
S ≃ 1 + vs, the BRST actions of K1 and SO are found to be: s1u1 = −vιu1 and
sLu1 = [u1, vs]. This shows that the Lorentz sector is an instance of the general
result (15). Using the linearizations Z ≃ 1 + vε and k1(z) ≃ 1 + κ1(ε), so that
C(z) = k1(z)Z ≃ 1 + c(ε) = 1 + κ1(ε) + vε, the BRST action of W is sWu1 =
−vεu1+u1c(ε). This shows that the Weyl sector is an instance of the general result
(17). After a straightforward computation and a similar analysis for the complex
case, we get the composite ghosts
v1 = c(ε) + vs =
ε ∂ε 00 s ∂εt
0 0 −ε
 , v¯1 = c¯(ε) + v¯s = (− (s¯∗ − ε212) −i∂¯ε
0 s¯− ε212
)
,
where ∂ε := ∂aε = ∂µε e
µ
a. The ghost of conformal boosts, ι, has disappeared from
these new ghosts, replaced by the first derivative of the Weyl ghost. This means
that s1χ1 = 0, which reflects the K1-gauge invariance of the composite fields χ1.
The composite ghost v1 only depends on vs and ε: it encodes the residual K0-gauge
symmetry. The algebra satisfied by the composite fields χ1, denoted by BRSTW,L,
is then simply
s̟1 = −D1v1 = −dv1 − [̟1, v1], sΩ1 = [Ω1, v1], sv1 = −v
2
1 ,
s ¯̟ 1 = −D1v¯1 = −dv¯1 − [ ¯̟ 1, v¯1], sΩ¯1 = [Ω¯1, v¯1], sv¯1 = −v¯
2
1 ,
sϕ1 = −v1ϕ1, sψ1 = −v¯ψ1,
and reproduces the infinitesimal version of (29), (30), (31), (32) (Lorentz/SL(2,C)
sector) and (35), (36), (37), (38) (39) (Weyl sector). Explicit results are obtained
via simple matrix calculations, we refer to [1; 2] for all details.
Since v1 = c(ε)+vs, BRSTW,L splits naturally as Lorentz and Weyl subalgebras,
s = sW+sL. The Lorentz sector (sL, vs) shows the composite fields χ1 to be genuine
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Lorentz gauge fields. While the Weyl sector (sW, c(ε)) shows χ1 to be generalized
Weyl gauge fields.
5.3. Discussion
Today, tractors and twistors are terms whose meaning extends beyond their origi-
nal context of definition, conformal (and projective) geometry, and are quite broad
concepts in the theory of parabolic geometries [11]. In their original meaning, most
often tractor and local twistor bundles are constructed in a “bottom-up” way, start-
ing with a conformal manifold (M, c) and building a gauge structure on top of it.
First, one poses a defining differential equation on (M, c). In the case of tractors,
this is the almost Einstein equation (AE)
∇µ∇νσ − Pµνσ −
gµν
n (∆σ − Pσ) = 0,
with σ a 1-conformal density (σ̂ = z−1σ), ∇ the Levi-Civita connection associated
to a choice of metric gµν ∈ c, ∆ := g
µν∇µ∇ν , and P := g
µνPµν . For twistors, one
defines the twistor equation
∇(AA′ω
B) = 0, or equivalently ∇AA′ω
B − 12δ
B
A ∇CA′ω
C = 0,
where ωB : M → C2 is a Weyl spinor. Then one prolongs these equations, recast
them as first order systems. These are interpreted as first order differential operators
acting on multiplets: ∇T V = 0 and ∇TZ = 0 respectively, where V = (σ, ℓµ, ρ)
and Z = (ωA, πA′). The transformations of the components of V and Z under
Weyl rescaling of the metric is given either by definition, when the components are
functions of the metric (V ), or by choice (Z). This takes some algebra to prove.With
still more algebra, one shows that these transformation laws also apply to ∇T V and
∇TZ. But then V and Z are interpreted as parallel sections of some vectors bundles
overM, the standard tractor bundle T and local twistor bundle T respectively, which
are endowed with their linear connections, the tractor connection ∇T and twistor
connection ∇T (hence the notation). Their commutators [∇T ,∇T ]V = κV and
[∇T,∇T]Z = KZ are said to define respectively the tractor and twistor curvatures.
Thus, starting from differential equations on (M, c), one ends-up with a gauge
structure on top of it in the form of the tractor and twistor bundles and their
connections. The latter provide natural conformally covariant calculi for torsion-
free conformal manifolds. We refer the reader to [5; 14] for detailed calculations of
this bottom-up procedure in the tractor case, and to the classic [53, Sec. 6.9] for
the twistor case. See also [18, Sec. 6.1], which extends the twistor construction to
paraconformal manifolds. It has been noticed that the tractor and twistor bundles
can be seen as associated bundles of the principal Cartan bundle P(M, H), and
a link between the normal conformal Cartan connection and the twistor 1-form
was drawn by Friedrich [26]. Nevertheless, the construction via prolongation has
been deemed more explicit in [18], and more intuitive and direct in [5], than the
viewpoint in terms of associated vector bundles.
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However, our procedure present several advantages. Starting from a “bigger”
gauge structure overM controlled by the conformal Cartan bundle P and a double
cover complex version P¯ , we obtain the vectors bundles endowed with covariant
derivatives (E1, D1) and (E1, D¯1) in a very straightforward and systematic way by
symmetry reduction. So, our constructive procedure via the dressing method is “top-
down” and involves much less calculations than the usual “bottom-up” approach
outlined above, and is arguably more direct and intuitive.
Furthermore, these bundles reduce to the usual tractor and twistor bundles
and their respective covariant derivatives when restricted to the normal Cartan
geometry, and one gets (E1, DN,1) = (T ,∇
T ) and (E1, D¯N,1) = (T,∇
T). So, here
we effortlessly generalize the tractor and twistor derivatives, providing essentially
tractor and twistor calculi for conformal manifolds with torsion. It follows that if
̟N,1 and ¯̟ N,1 are the genuine tractor and twistor 1-forms, then ̟1 and ¯̟ 1 may
be labeled as generalized tractor and twistor 1-forms.
Our approach allows to clearly highlight the fact that, while tractors,
twistors, and the associated (generalized) 1-forms and curvatures are genuine
Lorentz/SL(2,C) gauge fields, they are gauge fields of generalized kind w.r.t. Weyl
rescaling gauge symmetry, transforming using a 1-α-cocycle on the Weyl group. A
fact that, as far as we know, has never been noticed.
Let’s finally notice that in this framework, one can easily write a Yang-Mills-
type Weyl-invariant Lagrangian and compute the corresponding field equations. It
turns out that this Lagrangian reproduces Weyl gravity if one restricts to a normal
Cartan connection, as was shown in [4]. This by the way explains the equivalence
between the Bach equation and the Yang-Mills equation for the normal conformal
Cartan connection [35] or the twistor 1-form [48].
6. Conclusion
The dressing field method of gauge symmetry reduction is a fourth way, beside
gauge fixing, SSBM, and the bundle reduction theorem, to handle challenges one
faces in gauge theories. As a matter of fact, as mentioned at the end of Section 2.4,
it is relevant in many places in gauge fields theories, from QCD to anomalies in
QFT. In this review paper we have outlined the main general results of the method
concerning the construction of partially gauge invariant composite fields out of the
usual gauge variables, and discussed two important cases where their residual gauge
transformations can be treated on a general ground. Interestingly, we saw a case in
which the composite fields are gauge fields of an unusual geometric nature, so that
we label them “generalized” gauge fields.
We have shown that the method applies to the BEHGHK mechanism pivotal
to the electroweak model. In doing so, we highlighted the fact that the notion of
spontaneously broken gauge symmetry, which have long raised doubts among both
philosophers of science and lattice gauge theorists (in view of the Elitzur theorem),
is dispensable and anyway unnecessary for the empirical success of the Standard
February 10, 2017 1:18 WSPC/INSTRUCTION FILE
The˙dressing˙field˙method-WS
34 J. Attard, J. Franc¸ois, S. Lazzarini,T. Masson
Model. This result is thus satisfying from a philosophical standpoint, and does not
question the heuristic power of the gauge principle.
We have argued that the usual switching between the tetrad and metric formu-
lations of GR is a simple application of the dressing field method. In doing so, we
have stressed that, contrary to what is sometimes said, the linear connection Γ and
the Lorentz connection A are not mutual gauge transforms, even if one considers
GR as a gauge theory on the frame bundle LM. Actually, to recover A from Γ one
needs the bundle reduction theorem, and to get Γ from A one needs the dressing
field method. So that, in this instance, these are reciprocal operations.
The method applied to the conformal Cartan geometry and its spinorial version
allows to obtain generalizations of the tractor and twistor calculi for conformal
manifolds, extending them to manifolds with torsion, in a very straightforward
“top-down” way. It happens to be computationally much more economical than the
usual “bottom-up” approach by prolongation of the Almost Einstein and twistor
equations, and arguably more direct and intuitive. Also, we have seen that tractors
and twistors, while being genuine Lorentz gauge fields, are generalized gauge fields
as far as Weyl rescaling symmetry is concerned.
One suspects that still more instances of the dressing field method could be
found in the literature on gauge theories. Furthermore, its simplicity may put within
reach results otherwise difficult to obtain by other approaches; the example of trac-
tor calculi for various parabolic geometries and their application to physics comes
to mind. It is our hope that this approach could contribute to clarify and enrich
some aspects of gauge field theories in physics.
In its present form, the method relies on the defining (structural) relations for
gauge transformations: as already mentioned, while the field contents are different,
definitions (4) look algebraically like gauge transformations (1).j This is a key ingre-
dient of the method. One can raise the question about some possible other routes
one could elaborate to define dressed fields on which a part of the gauge symmetry
is erased, but not using gauge transformation-like relations.
Finally, to make the dressing field method a full-fledged approach to gauge QFT,
the question of its compatibility with quantization must be addressed. In particular,
do the operations of quantization and of reduction by dressing commute? So far,
the question has not been fully addressed. One can find in [46] some hints that
the problem is not easy and straightforward, mainly because we may first face the
problem of the definition of a mathematically sound, let alone unique, quantization
scheme. A rich topic in itself, that again exemplifies the fruitful cross-fertilization
between physics and mathematics.
jLet us mention here how it is has been difficult, in several occasions, to convince some colleagues
that these relations are not mathematically on the same footing.
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